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stract. In this paper tl-.e following problem is addressed: given a family of geometric figures 
in the plane, how many real variables ‘It-e rquired to parameterize the family so that one figure 
from the family is contained in another (perhaps after translation, rotation and reflection) if and 
only if the parameter values for the first figusz are n>t greater than those for the second figure? 
It is shown that for the family of rectangles no such finite parametrization exists; thus, geometric 
containment of pobgons with k 2 4 sides is not reducible to vector dominance, regardless of the 
choice and the fir&e number of parameters. Ilt is also shown that, for plane rectangles, an infinite 
but countable number of parameters suffice for the reduction. 
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en dealing with sets of simple figures, a basic problem is the determination 
tainment relations between elements of the set. Given a 
gures, the containment problem for 2 is t 
can be immersed in 
n that maps A or its reflection into 
An approach to derive efficient solutions to this problem is to first reduce contain- 
ment to vector dominance (i.e.g find a mapping f: %'+ R" sue 
and only if A can be immersed in B) and then solve the resulting dominance 
problem. Reductions to vector dominance are desirable due to the existence of 
efficient computational tools to solve vector dominance problems (e.g., see [ 1,6, $1 
as well as the availability of algorithms for solving the related problems of finding 
convex hulls and layers [2,3,7, 10, 133). oreover, similar reductions have already 
been successfully employed to solve other basic geometric problems (e.g., see [4, 
9, 161). 
For some families 5V’ of figures, this reduction can be easily acco 
example, f(A) defined as the area of A will work for the family Pk of regular 
polygons with k 3 3 sides, as well as for the family 4e of circles. A more interesting 
example is the family 8 of ellipses: for each Ei E 55, define f ( Ej) =(Xi, yi) where xi 
and yi denote the length of the minor and major axis of Ej, respectively; it is easy 
to show that E, can be immersed in EL if and only if f( Ei) 6f(&). Similarly, two 
parameters (namely, the lengths of the diagonals) suffice also for rhombi. 
t is thus natural to ask, for a given family X of geometric figures, which functions 
.f would reduce the containment problem to vector dominance. Furthermore, since 
e complexity of vector dominance algorithms is a function of the dimension of 
the vectors, it is desirable to find f: it?+ R" where n is as small as possible. 
Consider the family %! of plane rectangles. In this case, the above question 
becomes: is it possible tG characterize ach rectangle Ri by an n-vector f( Ri) = 
- l ,fn(Ri)) in such a way that Ri can be immersed in Rj if and only if 
sfk( Rj) for k= 1,. . . , n ? Natural candidates for our parametric functions 
fJ Ri) are the length, width, area, diagonal, perimeter, etc. of Ri. The instinctive 
rect and, for any choice 
s, a counter-example can be found. 
ain objective 00’ $is ++A ._ :o show that the failure to find an appropriate 
angles is not accidental 
eters), but intrinsic to the problem. In fact, it is 
roblem for rectangles (and, thus, for polygons with 
nce problem regardless 
ucible to finite vector 
and, it is shown that the reduction for rectangles is 
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Given two rectangles 
and a translation that immerses 
and there does not exist a 
Let ai and bi denote the width and length of rectan 
e the usual convention that 0~ ai d bi. 
if there exists a rotation 
If Ri fits in Rjv then 
a concentric immersion of Ri in 
By definition of fit. q 
. Suppose that bi > bj and that there i n immersion of in which 
each vertex of Ri is on a separate side Oj‘ Rj. Then , fits tightly in Rj. (Fig. 1 illustrates 
the hypothesis of Lemma 2). 
Note that any rotation of Ri which results in an angle other than ar (see Fig. 
1) bekveen the length of Ri and the width of Rj will result in an orientation of 
which extends vertically a distance greater than bj or rizontally greater than aj. 
Thus, the immersion of Ri in Rj is unique except for r ction through the vertical 
axis of Rj. It follows that Ri fits in Rk fits in Rj implies Rk = i Or &=Rj- 0 
ai 
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f bi S u, case (i) i' 
Fig. 2. 
a ows i i- 
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Fig. 3. 
Fig. 4. 
to but excluding (( J2 - 1) 1.4, u) correspon 
tightly in S(u); the line se joining 
points represents the other rectangles 
. If =(aj, bj)E L and 
#t§ in Rje 
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anye>QthereisaSXl 
Let T be the reSangle ( 
andIh(tr)-h(u,)l<E. 
suficiently small so that T c 
ich the lemma follows. 63 
Fig. 5. 
for rectangles cannot be re wed to a vector 
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Fig. 6. 
continuous almost everywhere on !P and Thus, there is a constant u. s 
eachJ is continuous at R. = (( J2 - I.) uo, u. , u,). Choose twos 
{ Ri) + R. and {&} + So in the line segments L and respectively (see 
the containment curve of So. Since each J is continuous at and So, it follows 
+J(Ro) and {J(Sk)}k+,+j&So) for i = 1,. . . Suppose, w.l.0. 
) for i=l,..., nt, and that A( R3) <J(So) for i = m + 1,. . . , d. 
m = d, we reach a contradiction, so assume m < d. S e R. fits in &,A( ‘Ix&) = 
J(S,) for i=l,..., m and any positive integer k rtfiermore, since fits in So, 
it follows that J(Ri) <J(So) =A(&) for i = 1,. . . , m and any positive integers j and 
ini,,,,+l,d((J(Ro) -J;(So)!}. S’ mce each function J is continuous at 
exists an integer ni such that if j, k 
~J(S~)-Ji’(S,)~<e for i=m+B - - ?) d. Let n = 
follows immediately that f( ,)&(S,), which co 
The containment problem fbr polygons with k 3 4 sides cannot be re 
to a vector dominance relation in R” regardless of the value QJ~ n. 
In the previous section it has be 
section, a continuous function f with a countable nu 
which solves the rectangular c 
a one to one corres 
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oreover, we note that f is contin 
ralization to other classes of g 
ary results are describ 
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